The present paper discusses the sensitivity of the global and local stability of a hybrid single layer grid shell to a set of equivalent geometric nodal imperfections representative of the actual structural and construction imperfections. Since imperfections are hard to be measured and controlled in experimental facilities, the stability of the structure is extensively investigated in numerical experiments. The imperfections are set by means of the so-called Eigenmode Imperfection Method. The method parameter space is densely sampled, and different structural models are adopted. The results are given in terms of two bulk parameters: the well established Load Factor and the proposed Buckling Shape Length, the latter being introduced to provide a continuous measure of the degree of "globalness" of the instability. Significant and non monotonic changes in both the Load Factor and Buckling Shape Length are observed versus the growth of the imperfection amplitude. Further, a local metrics of the grid shell geometry, named nodal apex, is introduced for each structural node. Special emphasis is given to the analysis of the correlation between the apex of the initial imperfect geometry and the apex of the deformed shape at collapse. The observed high correlation suggests that the mechanical behaviour of the imperfect grid shell is significantly influenced by this local geometrical feature.
(SS, [19] ) hybrid SLGS having quadrangular fields diagonally braced by prestressed cables, and Kiewitt-8 (K8) or reticulated (RET) grid shells having triangular fields. The reviewed studies adopt Geometrically Nonlinear Analysis 48 (GNA) and/or Geometrically and Materially Nonlinear Analysis (GMNA) to evaluate the effect of the imperfection 49 on the buckling instability. It is worth pointing out that, in the cited studies, the amplitude is assumed to be signed. 50 Domes are by far less sensitive than barrel vaults to the sign of the amplitude. The LF for barrel vaults shows a 51 monotonic decreasing trend for positive amplitudes. The LF for domes abruptly decreases for small amplitudes, but 52 its trend versus α is no longer monotonically decreasing at least for two setups when GNA is adopted and medium 53 to large amplitudes (e.g. α ≥ 1/500) are considered. Face to this general trend, local minima or maxima cannot be a 54 priori excluded because the considered range of imperfection amplitude is not densely sampled. 55 To the authors' best knowledge, the EIM is currently codified in two standards, i.e. the Eurocode 3: Design of i.e. the buckling mode shape associated to the lowest eigenvalue, should be used as the imperfection shape "unless a 59 different unfavourable pattern can be justified". In particular, [3] echoes Bulenda and Knippers: "If the most unfavor-60 able pattern cannot be readily identified beyond reasonable doubt, the analysis should be carried out for a sufficient 61 number of different imperfection patterns, and the worst case should be identified." The imperfection amplitude for 62 SLGS is explicitly codified only in [2]: the maximum geometric imperfection that is caused by construction should 63 be restricted within L/300. Finally, both codes allow to adopt different kind of structural analysis with increasing 64 expected accuracy, i.e. LBA, GNA, GMNA, to evaluate the effects of the EGNI on the buckling stability.
65
According to the writers, some questions immediately follow the state of the art shortly reviewed above.
66
Does the conjectured rule "the higher the imperfection, the lower the load factor" always hold? Or, in other terms, do 67 local maxima or minima exist in the trend of the LF versus the imperfection amplitude? Does such a trend reflect a 68 change in the buckling shape at collapse? And does the imperfection amplitude also involve a switch from global to 69 local instabilities? Does a value of the imperfection amplitude exist below which the buckling stability is not affected 70 by the imperfections? In which way the choice and combination of the buckling mode shapes affect the buckling sta-71 bility? In which way the different methods of structural analysis propagate the effects of the EIM-based imperfections 72 on the buckling stability? Finally, does a general connection based on a sound mechanical reading can be recognized 73 between the adopted EGNI field and the simulated Buckling Limit State?
74
The present study aims at shedding some light on such issues. In particular: i. the EIM is critically discussed 75 by densely sampling its free parameters, i.e. the imperfection amplitude and its spatial distribution. The effects on 76 the buckling ULS are scrutinized, in terms of both load factor and deformed shape of the SLGS; ii. the sensitivity of 77 different structural models (LBA, GNA, GMNA) to the EIM parameters is investigated; iii. the EGNI amplitude and 78 its spatial distribution are correlated with the mechanical response of the grid shell, and with its deflection at collapse 79 in particular.
80
In Section 2 the modelling and computational approach are briefly recalled. The structural setup selected for the 81 application is described in Section 3 together with the parametric analysis plan and the bulk parameters selected for 82 post processing. The results of the sensitivity analysis are provided in Section 4.3, while a mechanical insight on the 83 results is proposed in Section 4.4. Finally, conclusions and perspectives are outlined in Section 5. Three structural models of increasing complexity and accuracy are considered and briefly recalled in the following 87 in their discrete form:
88
Linear Buckling Analysis (LBA) The linear buckling analysis solves the eigenvalue problem
where λ is the vector of load factors and Φ is the matrix of the associated buckling mode shapes. The geometric 90 stiffness K g (σ) is a function of the stress field σ. K g is evaluated through a static analysis that solves the
where K e is the elastic stiffness, K g (σ 0 ) accounts for the initial prestress σ 0 , if any, and Q is the applied load.
93
Geometrically Nonlinear elastic Analysis (GNA)
where the geometric stiffness K g (δ) is a function of the displacement field δ(σ) and µ is the load multiplier that 94 increases along the simulation.
95
Geometrically and Materially Nonlinear Analysis (GMNA)
In the study, the steel nonlinear stress-strain relation is modelled by a bilinear law (elastic-perfect plastic). Due 96 to the progressive yielding of members under monotonically increasing load, the overall structural behaviour is 97 described by a tangent stiffness matrix K e which softens for increasing displacement field δ(σ).
BSL is defined here as
where subscripts i and j refer to two generic nodes, x, y and z are their coordinates, ϕ j is the value in the j-th 127 node of the generic buckling shape ϕ and|ϕ| is the maximum value of the latter. ϕ can be the buckling mode 128 shape φ u or the structural deflection at collapse δ u , depending on the adopted structural model. According to 129 Eq. (6), the BSL is bounded within the range [0 1].
130
The higher the BSL, the higher the degree of globalness of the collapse mechanism, in the sense that the 131 deflection shows high values at spaced structural nodes. For the sake of clarity, the BSL is applied to some 132 synthetic 1D deflection fields ϕ(x) in the following, and the results are shown in Figure 2 . In particular, in increasing degree of globalness. Once more, BSL shows its ability to provide a measure of such a globalness.
140
Once the BSL for the perfect structure is defined, the effects of the EGNI on the degree of globalness of the 141 collapse mechanism can be quantitatively assessed. The choice of the geometrical and structural setups of the perfect SLGS to be adopted as benchmark aims at 144 obtaining a form-resistant and slender structure, for which the buckling instability in the elastic regime is expected 145 to prevail on the yielding failure. The perfect geometry in relation to the load condition, the structural element cross 146 section, the internal joints are all chosen for this purpose. A Schlaich and Schober [19] hybrid SLGS is selected as a 147 suitable reference to build the benchmark setup coherently with the aims above. The perfect geometry of the investigated single-layer grid shell is shown in Figure 3 . The analytical form of the L/ f = 8 ( Fig. 3-d ).
153
The perfect discrete grid shell geometry results from the point wise sampling of the dome surface in P structural 154 nodes (p = 1, P) along the directions of the directrix and generatrix having coordinates X 0 (p) = x 0 p , y 0 p , z 0 p , where the 155 superscript 0 refers to the perfect setup. The nodal coordinates are rounded to 6 decimal places in order to describe the perfect geometry with a precision higher than the considered lowest imperfection amplitude (α = 1e − 5 m, see The mechanical performances of both continuous shells and grid shells, including their stability, are mainly driven 161 by their geometry. While the geometry of continuous dome shells is described by well-defined quantities, their 162 application to discrete grid shells is not straightforward. The angle between members located along the meridian 163 lines has been defined by [23] for single-layer spherical domes having triangular grid arranged along meridians and 164 rings. This angle mimics the meridian simple curvature of the corresponding reference surface. It is recognized to be 165 highly influential on the grid shell buckling instability. In the following, a preliminary attempt is paid to define nodal behaviour of the SLGS for the specific adopted geometrical and structural setup.
189
The constitutive model of the steel is linear elastic -perfect plastic, with a yield strength equal to f y = 355 MPa, MPa. The dead load g of structural steel members and of 20 mm-thick glass glazing is set equal to 0.5 KN/m 2 .
192
As for the live load s, a uniform snow load s = 0.75 kN/m 2 is applied on the structure. A symmetrical load case 193 q = 1.3g + 1.5s is applied to the structure. The resultant p-th nodal load is defined as Q p = A qda ≈ 4000 N, being A 194 the quadrangle surface. 
Parametric analysis plan
Following the Eigenmode Imperfection Method, the equivalent nodal imperfection field η(p) is generally ex-
where φ 0,i (p) and φ 0, j (p) are two buckling mode shapes of the perfect structure, k is the weighting factor of the 199 two mode shapes, α = α * L is the amplitude of the imperfection, and α * its dimensionless counterpart. The nodal 200 coordinates of the resulting imperfect grid shell are X(p) = X 0 (p) + η(p). with respect to the directrix and generatrix directions, while the second mode shape is antisymmetric with respect to both directrix and generatrix, while it is symmetric with respect to the diagonals of the quadrants defined by the directrix and generatrix. The third mode shape is symmetric with respect to the directrix and antisymmetric with 228 respect to the generatrix (or vice versa).
229
Furthermore, the eigenvalues of the modes have nearly the same value (λ 0,1 = 3.774, λ 0,2 = 3.776, λ 0,3 = 3.788), values provide more information about mode properties, but they do not directly suggest any complementary criteria.
234
Hence, in the perspective of the EIM application, the first mode(s) criterion remains the default one usually adopted in 235 practice. We believe that a correct a-priori choice among modes having almost the same eigenvalue requires additional 236 knowledge and selection criteria.
237
The load multiplier µ -nodal deflection δ paths of the perfect grid shell obtained by GMNA analysis are plotted 238 in Figure 9 -a, for both Load Control (LC-NR) and Arc-Length (AL-NR) path-following procedures. The nodal 239 deflection refers to the node where the displacement is known to be the maximum (red circle in Fig. 9-b ). For • the higher the imperfection amplitude, the more scattered the LF resulting from different modes. In particular, a 259 significant scatter takes place for α > 0.01 m in LBIA, but occurs earlier in GNIA and GMNIA for α > 0.0001 260 m;
261
• the worst case scenario is given by different mode shapes for varying imperfection amplitude. In particular, the 262 nonlinear models (GNIA, GMNIA) predict a high number of mode shapes (4 in LBIA, 8 in GNIA and GMNIA) 263 and the mode switching occurs for low values of the imperfection amplitude;
264
• the first mode provides the lowest LF only at very low imperfection amplitude by LBIA, while further ones (e.g. 265 2 and 5) and high modes (e.g. 10,11,14,15,16) provide the lowest LF by GNIA and GMNIA;
266
• contribution of mode numbers higher than 20 to the worst case scenario cannot be excluded a priori;
267
• the modes which contribute to the worst case scenario belong to all the different shapes categorized in Figure 7 .
268
• most of the modes which contribute to the worst case scenario are characterized by high BSL (e.g. 1, 2, 5, 6,7, 269 9, 14) but some modes antisymmetric w.r.t. directrix or generatrix are not (e.g. 10,11 and 15,16).
270
In short, a single worst buckling mode to the stability of the structure cannot be identified even for the adopted 271 benchmark, nor a valuable choice criterion can be inferred by the present numerical experiments, although modes 272 having a high degree of globalness (high BSL) seem to prevail. The multiple switches from a worst buckling mode to 273 another varying the imperfection amplitude is a critical issue in the design perspective. Bearing in mind the features above, the single-mode EIM demonstrates its scarce robustness and predictability of the worst case scenario. The 275 multiple switches, especially at the imperfection amplitudes of design interest (α * > 1/500), are due to the scattered 276 value of the LF obtained by different modes for a given amplitude, and to the occurrence of local maxima in the LF 277 trend versus the imperfection amplitude for a number of modes. In order to shed some more light on this feature, the 278 LF(α) curves are grouped according to the occurrence of local maxima or not. They are plotted in Figure 11 for each the geometric non linearity largely prevail on the mechanical ones for the adopted benchmark, as expected. However, 284 some differences occur at high values of α, e.g. α ≥ 7 cm, i.e. where local maxima take place. These differences 285 induce some modes to move from one group to another. In particular, mode 1 give rise to two high peaks in LF by 286 GNIA, and a single one in GMNIA. Analogously, mode 2 involves two weak peaks in GNIA, but the same mode 287 shows a monotonic trend in GMNIA. Such differences are due to localized plastic behavior of structural members, 288 which reduce the limit load, properly simulated by GMNIA. In short, it is worth pointing out that local maxima: i.
289
mostly occur at relatively high values of the imperfection amplitude of interest for designers; ii. affect both low mode 290 numbers, notably mode 1, and high ones, e.g. node 20. In other terms, the rule "the higher the imperfection amplitude, 291 the lower the load factor" is mostly unfulfilled. The designer is in the uncomfortable position of having to deal both 292 with the choice of the single mode to be adopted as imperfection shape and of the imperfection amplitude. Both seem 293 uncertain and strongly affect the load factor. Figure 13 . Moreover, the trend of the bulk parameters versus α is plotted for each structural model in Figure 14 at the 303 extreme values of the weighting factor k = 1 and k = 0, corresponding to the imperfection field equal to the first and 304 second buckling mode, respectively.
305
The load factor LF resulting from LBIA is nearly insensitive to the imperfection shape, i.e. for constant α and varying 306 k. An analogous overall trend holds for BSL, even if it is no longer fully monotonic versus α and not exactly constant 307 versus k for α ≥ 1 cm. Conversely, the non linear analyses GNIA and GMNIA reveal a higher sensitivity of both 308 the bulk parameters to the imperfection shape. The BSL value of the perfect grid shell predicted by GNIA/GMNIA 309 (BSL ≈ 0.47) is higher than the one predicted by LBIA (BSL ≈ 0.35), that is, a higher degree of globalness at col- In summary of Sections 4.2 and 4.3, no general criteria can be drawn from the numerical experiments and for the 322 adopted setup to properly choose the buckling mode shape(s) i, the value of the imperfection amplitude α, and to get 323 the weighting factor k. These difficulties are expected to be even greater for more complex structural forms. This section aims at providing a deeper insight in the ultimate mechanical behaviour of the grid shell for varying 326 α in order to point out the causes of the high sensitivity to the imperfection highlighted in the previous Section. In 327 the following the most detailed mechanical model is retained (GMNIA) and the weighting factor is set equal to k = 1 328 (η/α = φ 1,0 ).
329
To investigate the existence of a relationship between LF and BSL, the former is plotted against the latter in Figure   330 15. Both parameters are scaled with respect to their values obtained for the perfect setup (LF 0 and BS L 0 ). In spite The evolution of the main bulk parameters versus the imperfection amplitude α is plotted in Figure 16 . Homogeneous regimes "d" and "e" is defined at the local maximum of both LS and BSL. Finally, the "f" regime corresponds to a smooth decrease of the LF and a corresponding constant trend of BSL. It is worth pointing out that the watershed val-345 ues between two successive regimes, and the existence of regimes "d" and "e", depend on the value of the weighting 346 factor k for the selected benchmark (see Figure 13 ), and they are expected to vary with the geometrical and mechanical 347 parameters of the grid shell.
348
The load multiplier µ -nodal deflection δ paths obtained by GMNIA analysis at the recognized regime bounds are 349 plotted in Figure 17 -a. The nodal deflection refers to the node where the displacement is known to be the maximum setup is highly stiff, due to its parabolic shape, but collapse is more sudden than in the imperfect ones. the field η ν /η ν is common to every regime transitions.
364
The following remarks can be outlined:
365
• a qualitative visual comparison between the nodal imperfection and ultimate displacement patterns reveals poor 366 correlation between them;
367
• the pattern of the nodal displacement at collapse δ u ν (p) strongly varies across the regimes. In general, the higher 368 the magnitude of the imperfection, the more localized the displacement and the lower the degree of globalness 369 (BSL, Fig. 16 ), with the exception of bound 4, where a local maximum of the BSL has been detected. In • the patterns of the nodal apex K(p) and the one of nodal apex at collapse K u (p) show the highest correspondence.
geometry.
378
In order to check in a synthetic and quantitative way the correlation heuristically pointed out above, let us introduce 379 the correlation coefficient R(i, j) [−1 : 1] classically defined as
where i(p) and j(p) refer to the fields to be compared,ĩ is the standard deviation,ī is the mean value, E is the expected 381 value operator, cov is the covariance. In particular, the correlation coefficient is adopted in order to check the correla-382 tion of the input imperfection field with the output ultimate deflection. Hence i = η ν (p) and j = δ u ν (p), or i = K(p) and 383 j = K u (p). The correlation coefficients defined above are plotted versus k and α in Figure 19 . The obtained results Beside the above correlation, in the following some light is shed on the mechanical role played by the apex. Generally 388 speaking, when the apex in a node vanishes, the grid shell locally approaches a flat grid and its geometrical stiffness 389 tends to zero. Such a trend reflects the well-known shape-resistant behaviour of domes. In particular, the apex of the 390 imperfect shape depends both on the perfect shape and on the applied imperfection. Its upward or downward direction 391 induces the local increase or the decrease of the perfect apex, respectively. In order to give evidence to these issues, 392 the evolution of K, K u and δ u ν versus the imperfection amplitude α is plotted in Figure 20 for the nodes p 1 and p 2 393 (Fig. 3 ). In p 1 (Fig. 20-a) the nodal apex of the perfect structure has the maximum value ( Fig. 5-b ) and the nodal 394 imperfection is upward according to the shape of the first mode ( Fig. 8-a) . Hence the imperfection increases the nodal 395 apex and the local geometrical stiffness of the shell in turn, resulting in a "imperfection stiffening". Conversely, in 396 p 2 (Fig. 20-b ) the nodal imperfection is downward according to the shape of the first mode. Hence the imperfection 397 reduces the nodal apex and the local geometrical stiffness of the shell in turn, resulting in a "imperfection softening". Nodal Imperfections on the buckling instability of a hybrid single layer grid shell by means of the Eigenmode Imper-408 fection Method. A given SLGS dome is adopted as a benchmark. The imperfection shape is obtained by adopting 409 single modeshape among the first 20 ones and by weighting the shapes of two modes. The range of the weighting 410 factor and of the imperfection amplitude is densely resolved compared to the previous studies available in literature. 411 The EIM has been critically reviewed on the basis of the results of numerical experiments. The main findings are 412 summarized in the following:
413
• the growth of the imperfection amplitude does not necessarily involve the decrease of the Load Factor: in fact, 414 local maxima of LF take place along a general decreasing trend versus α. Hence, assuming high imperfection 415 amplitude is not an a priori conservative choice that involves the worst case scenario;
416
• a single worst buckling mode to the stability of the structure cannot be identified, because different modal 417 imperfection shapes contribute to the worst case scenario at different values of the imperfection amplitude;
418
• imperfection shapes resulting from the combination of two mode shapes additionally suffer the uncertainty 419 about the weighting coefficient.
420
In short, the EIM does not seem to be grounded on general phenomenological bases and its extension to the ultimate 421 buckling state is questionable even for the relatively simple grid shell scrutinized in this study. Generally speaking, 422 the EIM is affected by epistemic uncertainties about its main parameters (imperfection shape and amplitude) which 423 severely affect its predictability. The huge variety of grid shell typologies and of structural shapes it is expected to 424 make even more questionable the extension of the results to a wider domain of application. For the time being, special 425 care should be paid for EIM application in the design practice. More general and more robust models of the Equivalent 426 Geometric Nodal Imperfection in a worst case scenario perspective are needed in the near future.
427
Bearing such a need in mind, we have intended to contribute to the understanding of the buckling instability of the 428 adopted benchmark. The main findings are summarized in the following:
429
• a new observable, called Buckling Shape Length, has been introduced to quantify the degree of globalness of 430 the deformed shape at collapse. The BSL appears to be somewhat related with the Load Factor. A general trend 431 has been identified, where lower values of the LF correspond to decreasing values of the BSL: in other words, 432 the reduction of the ultimate carrying capacity of the structure -generally related to increasing imperfection 433 amplitudes -corresponds to the occurrence of more local deformed shapes at collapse;
434
• a new metric, called nodal apex, has been identified as the local geometrical parameter that mainly drives the 435 buckling of the studied single layer grid shell. This result suggests to define and set the nodal imperfection in 436 terms of such a metric rather than in terms of the deviation from the perfect geometry along the direction normal 437 to the reference surface. 438 We hope that making reference to these metrics could allow to phenomenologically ground future models of the 439 Equivalent Geometric Nodal Imperfection able to predict the worst case scenario. 
